In this note we show that strong generalizations of the measurable Livsic theorem for cocycles taking values in connected noncompact linear semisimple Lie groups, a canonical example being SL(2; R), can be deduced from an elegant approach of Brin and Pesin to the dynamics of partially hyperbolic systems.
Introduction
Let T : M ! M be a transitive Anosov di eomorphism of a compact Riemannian manifold and let be a T-invariant probability measure which is equivalent to Lebesgue measure. Let g : M ! G be a C 1 function taking values in a nite dimensional connected matrix Lie group G with norm jj:jj and metric d. If G is a matrix group then we de ne the norm of A 2 G by jjAjj 2 = Trace(AA t ) for A 2 G.
In this note we are interested in measurable solutions h : M ! G to the equation h(Tx) = g(x)h(x) a.e.
(1.1)
In this context we say that h is a coboundary for g. In particular we are interested in conditions under which a measurable coboundary h must have a H older continuous version h 0 such that h = h 0 a.e.
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Livsic 8] studied the corresponding equation for a continuous real valued cocycle satisfying a Dini property over a transitive Anosov di eomorphism preserving a smooth measure. He showed that a measurable solution h to equation 1.1 has a continuous version.
Quas 16] proved analogous results for essentially bounded, real valued coboundaries of continuous cocycles g where the base dynamics was a locally eventually onto continuous map or a minimal system, such as an irrational rotation of S 1 .
Nicol and Pollicott extended this result to continuous cocycles taking values in Lie groups with nonpositive sectional curvature (same assumptions on the base dynamics). They also showed that essentially bounded measurable cocycles taking values in subgroups of GL(n; R) (with base dynamics a transitive C 1 Anosov di eomorphism equipped with a measure equivalent to Lebesgue) are continuous. This paper (using a very di erent technique) removes the essentially bounded assumption-if a pinching condition on g and a smooth measure in the base are assumed.
Hypothesis 1 Assume that G satis es the condition that there exist two cocompact lattices ?; ? 0 (i.e. G=? and G=? 0 are compact homogeneous spaces) such that ? \ ? 0 = feg.
This property holds for G = R n ; SL(2; R), and, more generally, connected noncompact linear semisimple Lie groups. The proof of this fact, suggested to us by S. Mozes and S. G. Dani, is given as an appendix. It is false, however, in the case of the Heisenberg group.
We recall that a di eomorphism f of a compact Riemannian manifold M is Anosov if there exists a Df-invariant splitting TM = E u E s , C > 0 and 0 < < 1 such that jjDf n (v)jj C n jjvjj; for v 2 E s and jjDf ?n (v)jj C n jjvjj; for v 2 E u ; where n 0. We assume that T is Anosov, transitive and has an invariant measure which is equivalent to Lebesgue.
Recall that Ad g : LG ! LG is the automorphism of the Lie algebra LG de ned by Ad g(v) = gvg ?1 .
Hypothesis 2 We assume that g : M ! G satis es the pinching condition: < jjAd g(x)jj < 1 for all x 2 M. This property ensures that the group extension is a partially hyperbolic dynamical system (see de nition 2.1).
Our main result is the following. In section 2 we review these results on partially hyperbolic systems, which are a generalisation of the classical theory of Anosov systems. In section 3 we prove our main result. De nition 2.1 We sayT : N ! N is a partially hyperbolic di eomorphism of a compact Riemannian manifold N if there is a splitting TN = E u E s E 0 and constants C > 0 and 0 < < 1 < 1 < 2 < 1 such that jjDT n j E s jj C n , jjDT ?n j E u jj C n and C n 1 jjDT n j E 0 jj C n 2 for n 0 (where jj:jj is the norm on TN).
We shall be interested in partially hyperbolic di eomorphisms which arise as homogeneous extensions of Anosov di eomorphisms of a compact Riemannian manifold M satisfying jjDT n j E s jj C n , jjDT ?n j E u jj C n for all n 0.
Suppose that ? is a cocompact lattice of G. Then H := G=? is a compact homogeneous space with a left invariant Haar measure .
We consider the compact manifold N = M H and the di eomorphism T : N ! N given byT (x; h?) = (T x; g(x)h?), which preserves the measurê = .
We assume that the cocycle g satis es
for a.e. x 2 M where < 1 < 1 < 2 < 1 (where jj:jj is, with abuse of notation, the norm on LG). With these assumptionsT : N ! N is a C 1 partially hyperbolic di eomorphism. 
This is clear sinceT
Given small > 0, let U( ) be a neighbourhood of the coset of the identity element in H of diameter equal to in the induced metric.
Consider the set U( ) = f g : g 2 U( )g. Note that ( ? )( U( ) ) > 0 and U( ) is measurable with respect to the ergodic decomposition ofT . Thus by 1, page 170] the set U( ) consists up to a set of measure zero of entire stable and unstable manifolds forT . Without loss of generality, by adding or removing a set of zero measure, we can assume that U( ) is simply a union of stable and unstable manifolds.
By Proposition 2.3(ii) the foliations of M H into stable fW s (x; )g and unstable fW u (x; )g manifolds are H older continuous for some H older exponent ( say) and H older constant (C say). This means that for any (x; g) 2 M H there is a H older continuous map s x : W s (x) ! W s (x; g), and similarly there is a H older continuous map u x : W u (x) ! W u (x; g). Consider those x; y 2 M for which h(x) and h(y) are well-de ned and suppose that d M (x; y) = < 0 . Since we know that W s (x; h(x) ) U( ) the above result on the H older nature of the foliations show that there exists 0 = 0 (x 0 ) 2 H such that (x 0 ; h(x 0 ) 0 ) 2 W s (x; h(x) ). Similarly there exists 00 = 00 (y) 2 H such that (y; h(y) 00 ) 2 W u (x 0 ; h(x 0 ) 0 ).
Since the foliations W s (x; ) and W u (x; ) are C 1 immersed submanifolds which are H older continuous in (x; ), we can use the triangle inequality to estimate d((x; h(x) ); (y; h(y) 00 )) < Cd M (x; y) < C : 
Related results
It is interesting to ask whether the generalization of this result holds for the identity h(Tx)f(x) = h(x)g(x) a:e: (4.3) In this case we say that f and g are cohomologous via h. In fact h induces a conjugacy between extensions with cocycles f and g respectively which preserves the bre G.
A positive answer to this question would imply that a measurable conjugacy (which preserves the bre) between extensions with cocycles f and g respectively is necessarily continuous.
However, Walkden 19] has shown that if G is non-connected and noncompact then there exist smooth cocycles f, g which are cohomologous via a measurable cobounding function h which has no continuous version.
In the context of cohomologous cocycles f, g we may arrange that h is C 0 but not C . In the case of a coboundary g(x) = h(Tx)h(x) ?1 then h has a C k?1 version if g is C k . for all h; h 0 2 G. We call a group Lipschitz if there exists a Lipschitz metric on G.
If (G; d) is a Lipschitz group then we de ne the distortion of g by a g := inff g 1 : g satis es the condition above for all h; h 0 2 Gg.
We say that a cocycle f has bounded distortion if there exists a constant c 1 with (f(T n x):::f(x)) c for -a.e. x 2 X and every n 2 Z.
In this context we mention the following proposition due to Schmidt 18].
Proposition 4.1 Let f: X 7 ?! G = GL(n; C) be a Borel map such that f: Z X 7 ?! G has bounded distortion with respect to the natural metric. Then f is cohomologous to a Borel map g: X 7 ?! U(n).
There are many open questions to consider. Is it possible to have a cocycle g which doesn't satisfy the pinching condition taking values in a semisimple Lie group which satis es g(x) = h(Tx)h(x) ?1 for a measurable but not continuous cobounding function h?
One may also ask if Theorem 1.1 holds if the base transformation is an Axiom A di eomorphism equipped with a Gibbs measure. If Proposition 2.5 can be extended to Axiom A base transformations with Gibbs measures then our main theorem does as well.
5 Appendix: Some groups which satisfy hypothesis 1
We begin by recalling a result of A. Borel which guarantees the existence of cocompact lattices. We claim that A i;j = t ?1 i;j C G ( i ) for some t i;j 2 G. Suppose that A i;j 6 = ; and observe that A j;i = f ?1 : 2 A i;j g 6 = ;. Fix an element t i;j 2 A j;i and let 2 A i;j . Note that (t i;j ) i (t i;j ) ?1 = t i;j j t ?1 i;j = i and hence t ij 2 C( i ). Hence we see that 2 t ?1 i;j C( i ), and our claim follows.
The union C := 1 i;j A i;j consists of all elements in G which conjugate at least one element in ? to another. Since this is a countable union, C again has dimension strictly less than that of G. S. G. Dani has made the observation that if the group has a nite centre then the above argument works for lattices containing no nontrivial central elements.
Since in a linear semisimple Lie group any lattice contains a subgroup of nite index which is torsion-free (and hence has trivial intersection with the centre) there are always cocompact lattices with trivial intersection with the centre 17, Corollary 6.13, Theorem 6.15 and Remark 6.18]. Thus all linear semisimple Lie groups satisfy hypothesis 1.
Unfortunately this argument fails in the case of the Heisenberg group. Any lattice in a connected linear semisimple Lie group contains a subgroup of nite index in the centre 17, Corollary 5.17] . Hence this will also be true of the intersection of two lattices. Thus if the centre of the group is in nite then the intersection of two lattices cannot be trivial. The Heisenberg group has an in nite centre so the intersection of two cocompact lattices in the Heisenberg group must contain more than the identity element. 
